This article was downloaded by: [University of Haifa Library]

On: 09 August 2012, At: 14:36

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH,
UK

Molecular Crystals and Liquid
Crystals

Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/gmcl20

Polarization Resolved Angular
Patterns of Light Transmitted
Through Nematic Liquid Crystal
Cells

A. D. Kiselev®® , M. S. Soskin ?, 1. O. Buinyi  , R.
G. Vovk ® & V. G. Chigrinov °

% Institute of Physics of National Academy of
Sciences of Ukraine, Kyiv, Ukraine

b Hong Kong University of Science and Technology,
Kowloon, Hong Kong

Version of record first published: 05 Apr 2011

To cite this article: A. D. Kiselev, M. S. Soskin, I. O. Buinyi, R. G. Vovk & V. G.
Chigrinov (2008): Polarization Resolved Angular Patterns of Light Transmitted Through
Nematic Liquid Crystal Cells, Molecular Crystals and Liquid Crystals, 494:1, 101-113

To link to this article: http://dx.doi.org/10.1080/15421400802430166

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-
and-conditions

This article may be used for research, teaching, and private study purposes.
Any substantial or systematic reproduction, redistribution, reselling, loan,
sub-licensing, systematic supply, or distribution in any form to anyone is
expressly forbidden.



http://www.tandfonline.com/loi/gmcl20
http://dx.doi.org/10.1080/15421400802430166
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [University of Haifa Library] at 14:36 09 August 2012

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to

date. The accuracy of any instructions, formulae, and drug doses should be
independently verified with primary sources. The publisher shall not be liable
for any loss, actions, claims, proceedings, demand, or costs or damages
whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.




Downloaded by [University of Haifa Library] at 14:36 09 August 2012

Mol. Cryst. Liq. Cryst., Vol. 494, pp. 101-113, 2008 .
Copyright © Taylor & Francis Group, LLC ljzl?;gciﬁnas

ISSN: 1542-1406 print/1563-5287 online
DOI: 10.1080/15421400802430166

Polarization Resolved Angular Patterns of Light
Transmitted Through Nematic Liquid Crystal Cells

A. D. Kiselev!’?, M. S. Soskin!, I. O. Buinyi’, R. G. Vovk?,
and V. G. Chigrinov®

"nstitute of Physics of National Academy of Sciences of Ukraine,
Kyiv, Ukraine

2Hong Kong University of Science and Technology, Kowloon,

Hong Kong

We study the angular structure of polarization of light transmitted through a
nematic liquid crystal cell by analyzing the polarization state as a function of
the incidence angles. Theoretical results are obtained by evaluating the Stokes
parameters that characterize the polarization of plane waves propagating through
the cell at varying direction of incidence. Using the Stokes polarimetry technique
we measured the polarization resolved conoscopic patterns emerging after the
homeotropically aligned nematic cell illuminated by the convergent light beam.
The resulting polarization resolved angular patterns are described in terms of
the polarization singularities such as C-points and L-lines.
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1. INTRODUCTION

The effect of liquid crystals (LLCs) on the polarization of propagating
waves is extensively used to obtain the information about their proper-
ties. When the LC cell is placed between two crossed polarizers, the
anisotropy induced changes of the polarization manifest themselves
in variations of the intensity of the transmitted light. This arrange-
ment is typical for a number of experimental methods employed to
characterize orientational structures in LC cells. Examples include
the crystal rotation technique [1] and the conoscopic measurements
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of the images formed by a convergent light beam transmitted through
an anisotropic material [2]. These conoscopic images describe the
angular dependence of light transmittance on the projection plane in
experiments with two crossed polarizers.

In this paper we present the results of our investigation into the
polarization structure behind the conoscopic images performed by
analyzing the polarization state of light transmitted through a
nematic liquid crystal (NLC) cell as a function of the incidence angles.
We explore the characteristic features of the two-dimensional angular
distributions of the Stokes parameters represented by the fields of
polarization ellipses in the plane of projection. Such distributions
will be referred to as the polarization resolved angular (conoscopic)
patterns and, in contrast to conventional conoscopic images, provide
a complete description of the polarization state.

Polarization distributions are suitably characterized in terms of
polarization singularities such as C-points at which the light wave is
circularly polarized and L-lines along which the light polarization
is linear [3-5]. We will describe our polarization resolved angular
patterns in terms of these polarization singularities representing
structurally stable topological defects.

The paper is organized as follows. In Sec. 2 we give experimental
details and describe our setup employed to carry out measurements
using a suitably modified method of the Stokes polarimetry [6—8]. In
Sec. 3 we briefly describe our theoretical approach to the solution of
the transmission problem and explain how the results are used to plot
the polarization resolved conoscopic patterns. The case of homeotropic
structure is detailed in subsection 3.1. Experimentally measured and
computed fields of the polarization ellipses are presented in Sec. 4.
Our concluding remarks are given in Sec. 5.

2. EXPERIMENT

In our experiments we used the NLC cell of thickness 2z =110 pm filled
with the nematic liquid crystal mixture E7 from Merk. Two glass sub-
strates were assembled to form a hometropically oriented NLC cell. At
the wavelength of light generated by a low power He-Ne laser from
Coherent Group with 7 =632.8 nm (see Fig. 1), the ordinary and extra-
ordinary refractive indices of the NLC are n, = 1.5246 and n, = 1.7608,
respectively; the refractive index of the glass substrates is n,, = 1.5.
Figure 1 shows our experimental setup devised to perform the cono-
scopic measurements using the Stokes polarimetry technique [6-8].
The cell is irradiated with a convergent light beam formed by
the microscope objective of high numerical aperture L3. The input
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FIGURE 1 Experimental setup: He-Ne is the laser; L1, L2 and L5 are the col-
limating lenses; L3 and L4 are the microscope objectives; PH is the pinhole;
NLC is the NLC cell; P1 and P2 are the polarizers; W1 and W2 are the quarter
wave plates; CCD is the CCD camera. A microscope objective L3 is illuminated
with an elliptically polarized and expanded parallel beam of light from a He-
Ne laser. The output from a second objective L4 is collected by a CCD camera
through the Stokes analyzer.

polarizer P1 is combined with the properly oriented quarter wave
plate W1 to control the polarization characteristics (the ellipticity
and the azimuth of polarization) of a He-Ne laser beam which is
expanded and collimated using the lenses L1 and L2. A charge
coupled device (CCD) camera collects the output from the microscope
objective L4 through the collimating lense L5 and the Stokes analyzer
represented by the combination of the quarter wave plate W2 and the
polarizer P2.

This optical arrangement therefore collects simultaneously the
transmittance of the cell for a range of incident angles. The dis-
tribution of the Stokes parameters S;...Ss; describing the state of
polarization of the transmitted light can then be obtained by
performing the measurements at six different combinations of the
quarter wave plate W2 and the analyzer P2 and using the well-
known relations [9]

S1=1Ipo —Iooo, S2 =I5 — I35, (1a)

S3 =Igcp —Ircp, So=1/S?+5%+ 82, (1b)

where Iy, Igg-, 145 and Iy35. are the linearly polarized components
(subscript indicates the orientation angle of the analyzer); Igrcp and
I;cp are the right- and left-handed circularly polarized components
measured in the presence of the quarter wave plate W2.
Geometrically, the distribution of the Stokes parameters measured
in the observation plane can be conveniently represented by the
two-dimensional field of the polarization ellipses. The geometrical
elements of polarization ellipses that determine the polarization
ellipse field can be readily computed from the Stokes parameters (1).
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The orientation of a polarization ellipse is specified by the
azimuthal angle of polarization (polarization azimuth)

¢, = %arg(Sl—i—iSz) (2)

and its eccentricity is described by the signed ellipticity parameter

1 . (S
g = tan [§ arcsin (S—iﬂ . (3)

This parameter will be referred to as the ellipticity. The handedness of
the ellipse is determined by the sign of the ellipticity parameter ¢,;.

3. THEORY

We consider a NLC cell of thickness h sandwiched between two
parallel plates that are normal to the z axis: z=0 and z=~h (see
Fig. 2). The NLC represents a uniaxially anisotropic material charac-
terized by the dielectric tensor [2]

eup = 10,5 + (g — e1)dodp, o, f € {x,y,2}, (4)

where the unit vector d = (sin 0, cos ¢y, sin Oy sin ¢y, cos 0;) is the
NLC director giving the preferential orientation of NLC molecules
and directed along the local optical axis. The two principal values
of the dielectric tensor, ¢, and ¢, give the ordinary and extraordi-
nary refractive indices, n,=,/ue; and ne=/He|, where u is the
NLC magnetic permeability. The medium surrounding the NLC cell

ZAEJ(_tr) ktr
A T
AT SRR
\\\\\\\\\\\\\ i
RV Y
z=0 X

EV {0

) K,.q

/g

FIGURE 2 Geometry of the NLC cell in the plane of incidence.
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is assumed to be optically isotropic and characterized by the dielec-
tric constant &,, the magnetic permittivity y, and the refractive
index n, = \/lh,ém.

Referring to Figure 2, there are two plane waves in the lower half
space z < 0 bounded by the entrance face of the NLC cell: the incoming
incident wave {E;,, H;,.J and the outgoing reflected wave
{Er1, Hyepn}. The transmitted plane wave {E;, H;} is excited by
the incident wave and propagates along the direction of incidence in
the upper half space z > h after the exit face.

The polarization vector of a plane wave traveling in the isotropic
ambient medium along the wave vector k = kk = k., X + k,Z can be
written in the form

E(k) = Eje.(k) + E e, (k) = E e (k) + E_e_(k),  (5a)

e (k) =2""%e,(k) tie,(k)], E.=2"1%E +iE,), (5b)

e (k) =k (k% —ke2), e (k) =¥ (5¢)

Since in our case the transmission problem is linear, the circular
components of the transmitted and the incident waves, {E@7 E®Y
and {E(fw), E)} are linked through the linear relation

E(tr) _ E(inc)
(5 )-r (% ©

where T, is the transmission (transfer) matrix. The exact expression
for the transmission matrix of the NLC cell with arbitrary oriented
director was obtained in [10] using the 4 x 4 matrix formalism [11]
combined with the orthogonality relations [12].

The transmission matrix is a function of the incidence angle 0;,. (see
Fig. 2) and the azimuthal angle of incidence ¢,,. that determines
orientation of the plane of incidence. So, the matrix

T(p, ¢) = exp(—idas) Te(p, ¢g — ¢) exp(idos), o5 =diag(l,—1) (7)

describes the angular patterns in the transverse plane of projection
where the polar coordinates, p and ¢, are

p =rtan Oine, d) = (z)inc (8)

and the Cartesian coordinates, x = pcos¢ and y = psin¢, are
proportional to the aperture dependent scale factor r.

The relation (8) establishes a one-to-one correspondence between
the incidence angles and the points in the observation plane. Given
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the angles, the Stokes parameters

Sy =2Re(E'E.), Sy=2Im(E E_), (9a)

Ss=I|E |~ |E_”, So=|E.[*+|E_|? (9b)

can be combined with Equations (2) and (3) to evaluate the polariza-
tion azimuth ¢, and the ellipticity parameter ¢.; characterizing the
polarization ellipse (the state of polarization) of the transmitted
wave at the corresponding point of the plane. This procedure yields
the two-dimensional field of polarization ellipses.

The C-points can be regarded as the phase singularities of the
complex Stokes field

S =81 +iS, (10)

that vanishes provided S;=S35=0 and the polarization is circular.
Such singularities are characterized by the winding number which
is the signed number of rotations of the two-component field (S;, So)
around the circuit surrounding the singularity [13]. The winding
number also known as the signed strength of the dislocation is
generically +1.

Since the polarization azimuth (2) is defined modulo = and
2¢, = arg S, the dislocation strength is twice the index of the corres-
ponding C-point, Ic. For generic C-points, Ic = £ 1/2 and the index
can be computed from the formula

1
IC = ésign[Im(axS*ayS)]x:xc, (11)

y=ye

where 9,f is the partial derivative of f with respect to x, xc and y¢ are
the coordinates of the C-point.

L-lines are the curves of linear polarization where S3=0 and the
polarization handedness is undefined.

3.1. Homeotropic Cell

Now we concentrate on the special case in which the NLC director d is
parallel to the z axis 0; = 0deg and the orientational structure is
homeotropic. The elements of the transmission matrix are [10]

letto te—1t - -
Tc = (t ey t) teo = MMy €OS OincT, o - (12)
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z

+(n, "¢, (13a)

-1
Te = 2Up,N,, L cos 0, cos 5, — z[ (e)} Sin de [(UnNoN,y, Lcos Gmc)

To = 2N, L cos 0;,c cOS 5, — i {q( )} sin J,[cos? 0, + (,umn;llqg"))z],
(13b)

Where is qé o) _ \/n2 nZ, sin® O;c, qé ) = non, 1\/nZ —n2 sin? 0., Boe =

( kvach and k,q. the free -space wave number.
When the incident light is elliptically polarized, the circular compo-
nents of the electric field can be expressed in terms of the azimuthal
angle of polarization y, and the ellipticity parameter ¢ as follows

inc ay . 1+ ve
El(/ ) = ﬁexp(_lwppﬂEinCL ay, = m? € {+7 _} (14)

Using the matrix (7) we derive the expression for the reduced compo-
nents of the transmitted wave

E" v,
T = N5 = [a,(te + to) + a_,(t. — t,) exp(—2iv)] exp(—ivy),), (15)

where y = ¢ — lpp. From Eqgs. (9) and (15) it can be seen that, owing to
the cylindrical symmetry of the homeotropic structure, the Stokes
parameters of the transmitted wave depend only on the difference of
the azimuthal angles y = ¢ —,. Thus the sole effect of changing
the polarization azimuth of the incident wave is the rotation of the
polarization ellipse field.

The C-point in the observation plane where |E,(,tr>| =0and e=—v
might be called the C,-point. The polar coordinates of the C,-point
can be found by solving the equation

¥ (p, ¢)[ =0 (16)

that generally has multiple solutions, pg') and qb,(e"), labeled by the
integer k.

The incidence angles of the C -pomt p= ,o,(e ), can be conveniently
obtained from the condition a2t, +¢, > =a2 Jte — £, [see Eq. (15)]
written in the following form

—uF(p) = —v—F) — y(0), (17)
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X 2¢
R(p) = Re(tet;) = [tollt] o35, 1t = [t + 6o, 3(8) =15, (18)

where ¢ is the phase difference. Given the radius (the incidence angle)
p= p,(:), there is a pair of the C,-point in the circle of this radius with
the azimuthal angles given by

O =Wy g+ (e +a), (19)
(v) (v)
2
tanay = %, tan(oy +o_) = %, (20)
[te|” £ R(p},") [te]™ — Ito]

where Q(p) = Im(¢.t)) = |t.||t,| sin d.

In the limiting case where the incident light is circularly polarized
with ¢ = +1, the C-points develop provided that the condition of
isotropy for the transmission coefficients ¢, = +¢, is satisfied. From
Equation (13) we have ¢, = ¢, for the case of normal incidence with
p =0, (sin0;,.=0) and the corresponding C-point is located at the
origin. The isotropy condition #, = +#, cannot generally be satisfied
at oblique incidence and, typically, the C-point at the origin is unique.

The graphical solution of Equations (17) is illustrated in Figure 3.
Each intersection of the horizontal straight line y(¢) with the curve
+F(p) determines the radius of the circle containing a pair of the
symmetrically arranged C+-points. When the ellipticity parameter ¢
varies the horizontal line y(¢) moves vertically changing the location

1.0+

054

0.0

-0.51

-1.01

FIGURE 3 Graphical solution of Eq. (17): n,=1.5246, n,=1.7608 (NLC E7),
h=110pm, n,, =1.5.
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and the number of the intersection points that describe the radii of the
C-points.
The general expression for the index of the C,-point (11) can be
recast into the form [10]
Ic = gsign Tm(0W,0, %)) = gsign Im(8,¥,0,¥)]

( /’:/’1(@”) .
(

=x
=y k") </;:(/)Z’)

(21)

We can now substitute Equation (15) into Equation (21) to derive the
result

1
Ic = —5sign[0pF (p)l,-p,]- (22)
An important consequence of Equation (22) is that the indicies of the
neighbouring C-points are opposite in sign.

According to the line classification initially studied in the context of
umbilic points [14], for generic C-points, the number of the straight
lines N terminating on singularity, may either be 1 or 3. There are
three morphological types of C-points [3]. The C-points are called the
stars if the index equals 1/2 and NC=3. At I=1/2, there are two
characteristic patterns of polarization ellipses around a C-point: the
lemon with NC =1 and the monster with NC = 3. Different quantitat-
ive criteria to distinguish between the C-points of the lemon and the
monstar types are discussed in [15,10].

The transmitted wave is linearly polarized when the condition

¥i(o, @) =1¥-(p, ), (23)
is satisfied. So, the equation for the L-lines is
(1-)Q(p) sin(2y) = 4eR(p) (24)

At ¢ = 0, there are two straight lines of linear polarization: ¢ =y, and
¢ =, + /2. Other L-lines are circles which radii can be found by
solving the equation @(p) = 0.

The case of linear polarization is, however, structurally unstable
and, for elliptically polarized incident waves with ¢ # 0, there is a fam-
ily of non-intersecting closed L-lines bounding the regions of right- and
left-handed polarization. At ¢ = £1, these closed curves become circles
with the radii given by the solutions of the equation R(p) = 0.

4. RESULTS

We can now present both the experimentally measured and computed
polarization resolved conoscopic patterns for the NLC cells. These
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FIGURE 4 Polarization resolved conoscopic patterns for the homeotropically
oriented NLC cell, measured (a, ¢, e) and computed (b, d, f) in the projection
plane. The incident light of the wavelength 632.8 nm is polarized with the
ellipticity parameter ¢ and polarization azimuth ¢, = 0. The cell thickness is
h=110pm, n,= 1.5246, n,=1.7608. The C-points of the star, the lemon and
the monstar types are marked by stars, diamonds and triangles, respectively.
L-lines are represented by solid lines. Left-handed and right-handed polariza-
tion is respectively indicated by filled and open ellipses.
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FIGURE 5 Polarization resolved conoscopic patterns for (a—c) tilted and (d)
planar orientational structures. The incident light of the wavelength
632.8nm is linearly polarized at ¢, = 0. The cell thickness is A =18.7 um,
n,=1.5217, n,=1.7102, ¢, = 135 deg.

patterns are shown as the fields of polarization ellipses in the obser-
vation plane with the polar coordinates defined in Equation (8). In
our calculations the aperture dependent scale factor r was taken to be
6.3mm. We also assume that changes of light polarization at the air-
glass boundaries are negligible.

Figure 4 presents the results for homeotropically oriented NLC cell.
Polarization patterns are measured and computed at three different
values of the incident light ellipticity ¢. The C-points are shown to
be arranged in chains formed by four rays along which they alternate
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in sign of the handedness and of the index. The L-lines are the curves
separating the regions of different polarization handedness. It can also
be seen that the predictions of the theory are in good agreement with
the experimental data.

Referring to Figure 4, the C-points move along the radial direction
provided the magnitude of the ellipticity parameter |¢| is not in the
immediate vicinity of unity. From Egs. (19) and (20) it can be seen that
the azimuthal angle varies only negligibly.

Computed polarization resolved conoscopic patterns for the tilted
and planar NLC configuration are shown in Figure 5. From Figure
5(a) it is seen that, at small tilt angles, the symmetry breaking terms
result in the shift of the symmetry center. When the tilt angle angle
increases further, the center of symmetry eventually leaves the region
specified by the aperture leading to the single-chain structure of the
C-points shown in Figure 5(b).

In the case of the planar structure with d, = 0 (0; = 90 deg), simi-
lar to the homeotropic cell, the origin is the symmetry center for the
polarization pattern. By contrast to the homeotropic structure, where
the polarization field is of the elliptic type, the angular pattern of
polarization is of the hyperbolic type for the planar structure [see
Fig. 5(d)].

5. CONCLUSIONS

In this paper we have studied the polarization resolved angular pat-
terns of light transmitted through the NLC cell. These patterns can
be conveniently represented as fields of polarization ellipses and char-
acterize the polarization structure behind the conoscopic images mea-
sured in experiments with two crossed polarizers.

Experimentally, the polarization resolved conoscopic patterns are
investigated using a suitably modified method of the Stokes polarime-
try designed for accurate measurements of the Stokes parameters
[6-8]. For the homeotropically aligned NLC cell we have measured
the Stokes distributions at different values of the incident light
ellipticity and found that the corresponding fields of the polarization
ellipses are in good agreement with the patterns computed using
the exact result for the transmission matrix [10].

The theory was applied to characterize the polarization resolved
angular patterns in terms of the polarization singularities. After com-
puting loci of the C-points and the L-lines, we have deduced a simple
formula for the index of the C-points (22). Interestingly, the polariza-
tion singularities appear to be sensitive to the ellipticity parameter of



Downloaded by [University of Haifa Library] at 14:36 09 August 2012

Polarization Resolved Angular Patterns 113

the incident light ¢. For elliptically polarized incident waves, there is a
chain-like structure of four radial rays with the C-points alternating in
sign of the handedness and of the index.

We have also computed polarization resolved conoscopic patterns
for tilted and planar NLC configurations. The tilt angle was found to
have a considerable effect on the chain-like structure of the C-points.
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