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Polarization Resolved Angular Patterns of Light
Transmitted Through Nematic Liquid Crystal Cells

A. D. Kiselev1,2, M. S. Soskin1, I. O. Buinyi1, R. G. Vovk1,
and V. G. Chigrinov2

1Institute of Physics of National Academy of Sciences of Ukraine,
Kyiv, Ukraine
2Hong Kong University of Science and Technology, Kowloon,
Hong Kong

We study the angular structure of polarization of light transmitted through a
nematic liquid crystal cell by analyzing the polarization state as a function of
the incidence angles. Theoretical results are obtained by evaluating the Stokes
parameters that characterize the polarization of plane waves propagating through
the cell at varying direction of incidence. Using the Stokes polarimetry technique
we measured the polarization resolved conoscopic patterns emerging after the
homeotropically aligned nematic cell illuminated by the convergent light beam.
The resulting polarization resolved angular patterns are described in terms of
the polarization singularities such as C-points and L-lines.

Keywords: nematic liquid crystal; polarization of light; polarization singularities

1. INTRODUCTION

The effect of liquid crystals (LCs) on the polarization of propagating
waves is extensively used to obtain the information about their proper-
ties. When the LC cell is placed between two crossed polarizers, the
anisotropy induced changes of the polarization manifest themselves
in variations of the intensity of the transmitted light. This arrange-
ment is typical for a number of experimental methods employed to
characterize orientational structures in LC cells. Examples include
the crystal rotation technique [1] and the conoscopic measurements

This work was partially supported by CERG grant No. 612406.
Address correspondence to A. D. Kiselev, Institute of Physics of National Academy of

Sciences of Ukraine, prospekt Nauky 46, Kyiv 03028, Ukraine. E-mail: kiselev@iop.
kiev.ua

Mol. Cryst. Liq. Cryst., Vol. 494, pp. 101–113, 2008

Copyright # Taylor & Francis Group, LLC

ISSN: 1542-1406 print=1563-5287 online

DOI: 10.1080/15421400802430166

101

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

36
 0

9 
A

ug
us

t 2
01

2 



of the images formed by a convergent light beam transmitted through
an anisotropic material [2]. These conoscopic images describe the
angular dependence of light transmittance on the projection plane in
experiments with two crossed polarizers.

In this paper we present the results of our investigation into the
polarization structure behind the conoscopic images performed by
analyzing the polarization state of light transmitted through a
nematic liquid crystal (NLC) cell as a function of the incidence angles.
We explore the characteristic features of the two-dimensional angular
distributions of the Stokes parameters represented by the fields of
polarization ellipses in the plane of projection. Such distributions
will be referred to as the polarization resolved angular (conoscopic)
patterns and, in contrast to conventional conoscopic images, provide
a complete description of the polarization state.

Polarization distributions are suitably characterized in terms of
polarization singularities such as C-points at which the light wave is
circularly polarized and L-lines along which the light polarization
is linear [3–5]. We will describe our polarization resolved angular
patterns in terms of these polarization singularities representing
structurally stable topological defects.

The paper is organized as follows. In Sec. 2 we give experimental
details and describe our setup employed to carry out measurements
using a suitably modified method of the Stokes polarimetry [6–8]. In
Sec. 3 we briefly describe our theoretical approach to the solution of
the transmission problem and explain how the results are used to plot
the polarization resolved conoscopic patterns. The case of homeotropic
structure is detailed in subsection 3.1. Experimentally measured and
computed fields of the polarization ellipses are presented in Sec. 4.
Our concluding remarks are given in Sec. 5.

2. EXPERIMENT

In our experiments we used the NLC cell of thickness h¼ 110 mm filled
with the nematic liquid crystal mixture E7 from Merk. Two glass sub-
strates were assembled to form a hometropically oriented NLC cell. At
the wavelength of light generated by a low power He-Ne laser from
Coherent Group with k¼ 632.8 nm (see Fig. 1), the ordinary and extra-
ordinary refractive indices of the NLC are no¼ 1.5246 and ne¼ 1.7608,
respectively; the refractive index of the glass substrates is nm¼ 1.5.

Figure 1 shows our experimental setup devised to perform the cono-
scopic measurements using the Stokes polarimetry technique [6–8].
The cell is irradiated with a convergent light beam formed by
the microscope objective of high numerical aperture L3. The input
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polarizer P1 is combined with the properly oriented quarter wave
plate W1 to control the polarization characteristics (the ellipticity
and the azimuth of polarization) of a He-Ne laser beam which is
expanded and collimated using the lenses L1 and L2. A charge
coupled device (CCD) camera collects the output from the microscope
objective L4 through the collimating lense L5 and the Stokes analyzer
represented by the combination of the quarter wave plate W2 and the
polarizer P2.

This optical arrangement therefore collects simultaneously the
transmittance of the cell for a range of incident angles. The dis-
tribution of the Stokes parameters S0 . . . S3 describing the state of
polarization of the transmitted light can then be obtained by
performing the measurements at six different combinations of the
quarter wave plate W2 and the analyzer P2 and using the well-
known relations [9]

S1 ¼ I0� � I90� ; S2 ¼ I45� � I135� ; ð1aÞ

S3 ¼ IRCP � ILCP; S0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2

1 þ S2
2 þ S2

3

q
; ð1bÞ

where I0� , I90� , I45� and I135� are the linearly polarized components
(subscript indicates the orientation angle of the analyzer); IRCP and
ILCP are the right- and left-handed circularly polarized components
measured in the presence of the quarter wave plate W2.

Geometrically, the distribution of the Stokes parameters measured
in the observation plane can be conveniently represented by the
two-dimensional field of the polarization ellipses. The geometrical
elements of polarization ellipses that determine the polarization
ellipse field can be readily computed from the Stokes parameters (1).

FIGURE 1 Experimental setup: He-Ne is the laser; L1, L2 and L5 are the col-
limating lenses; L3 and L4 are the microscope objectives; PH is the pinhole;
NLC is the NLC cell; P1 and P2 are the polarizers; W1 and W2 are the quarter
wave plates; CCD is the CCD camera. A microscope objective L3 is illuminated
with an elliptically polarized and expanded parallel beam of light from a He-
Ne laser. The output from a second objective L4 is collected by a CCD camera
through the Stokes analyzer.
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The orientation of a polarization ellipse is specified by the
azimuthal angle of polarization (polarization azimuth)

/p ¼
1

2
argðS1þiS2Þ ð2Þ

and its eccentricity is described by the signed ellipticity parameter

eell ¼ tan
1

2
arcsin

S3

S0

� �� �
: ð3Þ

This parameter will be referred to as the ellipticity. The handedness of
the ellipse is determined by the sign of the ellipticity parameter eell.

3. THEORY

We consider a NLC cell of thickness h sandwiched between two
parallel plates that are normal to the z axis: z¼ 0 and z¼h (see
Fig. 2). The NLC represents a uniaxially anisotropic material charac-
terized by the dielectric tensor [2]

eab ¼ e?dab þ ðek � e?Þdadb; a; b 2 fx; y; zg; ð4Þ

where the unit vector d̂d ¼ ðsin hd cos /d; sin hd sin /d; cos hdÞ is the
NLC director giving the preferential orientation of NLC molecules
and directed along the local optical axis. The two principal values
of the dielectric tensor, e? and ek, give the ordinary and extraordi-
nary refractive indices, no¼

ffiffiffiffiffiffiffiffi
le?
p

and ne¼ ffiffiffiffiffiffiffi
lek
p

, where l is the
NLC magnetic permeability. The medium surrounding the NLC cell

FIGURE 2 Geometry of the NLC cell in the plane of incidence.
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is assumed to be optically isotropic and characterized by the dielec-
tric constant em, the magnetic permittivity lm and the refractive
index nm ¼

ffiffiffiffiffiffiffiffiffiffiffi
lmem
p

.
Referring to Figure 2, there are two plane waves in the lower half

space z � 0 bounded by the entrance face of the NLC cell: the incoming
incident wave fEinc; Hincg and the outgoing reflected wave
fErefl; Hreflg. The transmitted plane wave fEtr; Htrg is excited by
the incident wave and propagates along the direction of incidence in
the upper half space z � h after the exit face.

The polarization vector of a plane wave traveling in the isotropic
ambient medium along the wave vector k ¼ kk̂k ¼ kxx̂xþ kzẑz can be
written in the form

Eðk̂kÞ ¼ Ekexðk̂kÞ þ E?eyðk̂kÞ ¼ Eþeþðk̂kÞ þ E�e�ðk̂kÞ; ð5aÞ

e�ðk̂kÞ ¼ 2�1=2½exðk̂kÞ � ieyðk̂kÞ�; E� ¼ 2�1=2ðEk � iE?Þ; ð5bÞ

exðk̂kÞ ¼ k�1ðkzx̂x� kxẑzÞ; eyðk̂kÞ ¼ ŷy ð5cÞ

Since in our case the transmission problem is linear, the circular
components of the transmitted and the incident waves, fEðtrÞþ ; EðtrÞ� g
and fEðincÞ

þ ; EðincÞ
� g are linked through the linear relation

E
ðtrÞ
þ

EðtrÞ�

� �
¼ Tc

E
ðincÞ
þ

EðincÞ
�

� �
ð6Þ

where Tc is the transmission (transfer) matrix. The exact expression
for the transmission matrix of the NLC cell with arbitrary oriented
director was obtained in [10] using the 4� 4 matrix formalism [11]
combined with the orthogonality relations [12].

The transmission matrix is a function of the incidence angle hinc (see
Fig. 2) and the azimuthal angle of incidence /inc that determines
orientation of the plane of incidence. So, the matrix

T̂Tðq;/Þ ¼ expð�i/r3Þ Tcðq;/d � /Þ expði/r3Þ; r3 ¼ diagð1;�1Þ ð7Þ

describes the angular patterns in the transverse plane of projection
where the polar coordinates, q and /, are

q ¼ r tan hinc; / ¼ /inc ð8Þ

and the Cartesian coordinates, x ¼ q cos / and y ¼ q sin /, are
proportional to the aperture dependent scale factor r.

The relation (8) establishes a one-to-one correspondence between
the incidence angles and the points in the observation plane. Given
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the angles, the Stokes parameters

S1 ¼ 2 ReðE�þE�Þ; S2 ¼ 2 ImðE�þE�Þ; ð9aÞ

S3 ¼ jEþj2 � jE�j2; S0 ¼ jEþj2 þ jE�j2 ð9bÞ

can be combined with Equations (2) and (3) to evaluate the polariza-
tion azimuth /p and the ellipticity parameter eell characterizing the
polarization ellipse (the state of polarization) of the transmitted
wave at the corresponding point of the plane. This procedure yields
the two-dimensional field of polarization ellipses.

The C-points can be regarded as the phase singularities of the
complex Stokes field

S ¼ S1 þ iS2 ð10Þ

that vanishes provided S1¼S2¼ 0 and the polarization is circular.
Such singularities are characterized by the winding number which
is the signed number of rotations of the two-component field (S1, S2)
around the circuit surrounding the singularity [13]. The winding
number also known as the signed strength of the dislocation is
generically �1.

Since the polarization azimuth (2) is defined modulo p and
2/p ¼ arg S, the dislocation strength is twice the index of the corres-
ponding C-point, IC. For generic C-points, IC ¼ � 1=2 and the index
can be computed from the formula

IC ¼
1

2
sign½Imð@xS�@ySÞ�x¼xC

y¼yC

; ð11Þ

where @xf is the partial derivative of f with respect to x, xC and yC are
the coordinates of the C-point.

L-lines are the curves of linear polarization where S3¼ 0 and the
polarization handedness is undefined.

3.1. Homeotropic Cell

Now we concentrate on the special case in which the NLC director d̂d is
parallel to the z axis hd ¼ 0 deg and the orientational structure is
homeotropic. The elements of the transmission matrix are [10]

TC ¼
te þ to te � to

te � to te þ to

� �
; te;o ¼ lmn�1

m cos hincs
�1
e;o : ð12Þ

106 A. D. Kiselev et al.
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se ¼ 2lmn�1
m cos hinc cos de � i qðeÞz

h i�1
sin de½ðlmnon�1

m cos hincÞ2

þ ðn�1
o qðeÞz Þ

2�; ð13aÞ

so ¼ 2lmn�1
m cos hinc cos do � i qðoÞz

h i�1
sin do½cos2 hinc þ ðlmn�1

m qðoÞz Þ
2�;

ð13bÞ

where is q
ðoÞ
z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

o � n2
m sin2 hinc

q
, q
ðeÞ
z ¼ non�1

e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

e � n2
m sin2 hinc

q
, do;e ¼

q
ðo;eÞ
z kvach and kvac the free-space wave number.

When the incident light is elliptically polarized, the circular compo-
nents of the electric field can be expressed in terms of the azimuthal
angle of polarization wp and the ellipticity parameter e as follows

EðincÞ
n ¼ anffiffiffi

2
p expð�inwpÞjEincj; an ¼

1þ neffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p ; n 2 fþ;�g: ð14Þ

Using the matrix (7) we derive the expression for the reduced compo-
nents of the transmitted wave

E
ðtrÞ
n

jEincj
	 Wn

2
ffiffiffi
2
p ¼ ½anðte þ toÞ þ a�nðte � toÞ expð�2inwÞ� expð�inwpÞ; ð15Þ

where w ¼ /� wp. From Eqs. (9) and (15) it can be seen that, owing to
the cylindrical symmetry of the homeotropic structure, the Stokes
parameters of the transmitted wave depend only on the difference of
the azimuthal angles w ¼ /� wp. Thus the sole effect of changing
the polarization azimuth of the incident wave is the rotation of the
polarization ellipse field.

The C-point in the observation plane where jEðtrÞn j ¼ 0 and e ¼ �n
might be called the Cn-point. The polar coordinates of the Cn-point
can be found by solving the equation

jWnðq;/Þj ¼ 0 ð16Þ

that generally has multiple solutions, qðnÞk and /ðnÞk , labeled by the
integer k.

The incidence angles of the Cn-point, q ¼ qðnÞk , can be conveniently
obtained from the condition a2

n jte þ toj2 ¼ a2
�n jte � toj2 [see Eq. (15)]

written in the following form

�nFðqÞ 	 �n
2RðqÞ
jtj2

¼ cðeÞ; ð17Þ
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RðqÞ ¼ Reðtet
�
oÞ ¼ jtejjtoj cos d; jtj2 ¼ jtej2 þ jtoj2; cðnÞ ¼ 2e

1þ e2
; ð18Þ

where d is the phase difference. Given the radius (the incidence angle)
q ¼ qðnÞk , there is a pair of the Cn-point in the circle of this radius with
the azimuthal angles given by

/ðnÞk ¼ wp �
p
2
þ n

2
ðaþ þ a�Þ; ð19Þ

tana� ¼
QðqðnÞk Þ

jtej2 �RðqðnÞk Þ
; tanðaþ þ a�Þ ¼

2QðqðnÞk Þ
jtej2 � jtoj2

; ð20Þ

where QðqÞ ¼ Imðtet
�
oÞ ¼ jtejjtoj sin d.

In the limiting case where the incident light is circularly polarized
with e ¼ �1, the C-points develop provided that the condition of
isotropy for the transmission coefficients te ¼ �to is satisfied. From
Equation (13) we have te ¼ to for the case of normal incidence with
q ¼ 0; ðsin hinc¼0Þ and the corresponding C-point is located at the
origin. The isotropy condition te ¼ �to cannot generally be satisfied
at oblique incidence and, typically, the C-point at the origin is unique.

The graphical solution of Equations (17) is illustrated in Figure 3.
Each intersection of the horizontal straight line cðeÞ with the curve
�FðqÞ determines the radius of the circle containing a pair of the
symmetrically arranged C�-points. When the ellipticity parameter e
varies the horizontal line cðeÞ moves vertically changing the location

FIGURE 3 Graphical solution of Eq. (17): no¼ 1.5246, ne¼ 1.7608 (NLC E7),
h¼ 110mm, nm¼ 1.5.
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and the number of the intersection points that describe the radii of the
C-points.

The general expression for the index of the Cn-point (11) can be
recast into the form [10]

IC ¼
n
2

sign½Imð@xWn@yW
�
nÞ�x¼x

ðnÞ
k

y¼y
ðnÞ
k

¼ n
2

sign½Imð@qWn@/W�nÞ�q¼q
ðnÞ
k

/¼/
ðnÞ
k

: ð21Þ

We can now substitute Equation (15) into Equation (21) to derive the
result

IC ¼ �
1

2
sign½@pFðqÞjq¼qk

�: ð22Þ

An important consequence of Equation (22) is that the indicies of the
neighbouring C-points are opposite in sign.

According to the line classification initially studied in the context of
umbilic points [14], for generic C-points, the number of the straight
lines NC terminating on singularity, may either be 1 or 3. There are
three morphological types of C-points [3]. The C-points are called the
stars if the index equals 1=2 and NC¼ 3. At IC¼ 1=2, there are two
characteristic patterns of polarization ellipses around a C-point: the
lemon with NC¼ 1 and the monster with NC¼ 3. Different quantitat-
ive criteria to distinguish between the C-points of the lemon and the
monstar types are discussed in [15,10].

The transmitted wave is linearly polarized when the condition

jWþðq; /Þj ¼ jW�ðq; /Þj; ð23Þ

is satisfied. So, the equation for the L-lines is

ð1� e2ÞQðqÞ sinð2wÞ ¼ 4eRðqÞ ð24Þ

At e ¼ 0, there are two straight lines of linear polarization: / ¼ wp and
/ ¼ wp þ p=2. Other L-lines are circles which radii can be found by
solving the equation QðqÞ ¼ 0.

The case of linear polarization is, however, structurally unstable
and, for elliptically polarized incident waves with e 6¼ 0, there is a fam-
ily of non-intersecting closed L-lines bounding the regions of right- and
left-handed polarization. At e ¼ �1, these closed curves become circles
with the radii given by the solutions of the equation RðqÞ ¼ 0.

4. RESULTS

We can now present both the experimentally measured and computed
polarization resolved conoscopic patterns for the NLC cells. These
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FIGURE 4 Polarization resolved conoscopic patterns for the homeotropically
oriented NLC cell, measured (a, c, e) and computed (b, d, f) in the projection
plane. The incident light of the wavelength 632.8 nm is polarized with the
ellipticity parameter e and polarization azimuth /p ¼ 0. The cell thickness is
h¼ 110mm, no¼ 1.5246, ne¼ 1.7608. The C-points of the star, the lemon and
the monstar types are marked by stars, diamonds and triangles, respectively.
L-lines are represented by solid lines. Left-handed and right-handed polariza-
tion is respectively indicated by filled and open ellipses.
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patterns are shown as the fields of polarization ellipses in the obser-
vation plane with the polar coordinates defined in Equation (8). In
our calculations the aperture dependent scale factor r was taken to be
6.3 mm. We also assume that changes of light polarization at the air-
glass boundaries are negligible.

Figure 4 presents the results for homeotropically oriented NLC cell.
Polarization patterns are measured and computed at three different
values of the incident light ellipticity e. The C-points are shown to
be arranged in chains formed by four rays along which they alternate

FIGURE 5 Polarization resolved conoscopic patterns for (a–c) tilted and (d)
planar orientational structures. The incident light of the wavelength
632.8 nm is linearly polarized at /p ¼ 0. The cell thickness is h¼ 18.7 mm,
no¼ 1.527, ne¼ 1.7102, /p ¼ 135 deg.
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in sign of the handedness and of the index. The L-lines are the curves
separating the regions of different polarization handedness. It can also
be seen that the predictions of the theory are in good agreement with
the experimental data.

Referring to Figure 4, the C-points move along the radial direction
provided the magnitude of the ellipticity parameter jej is not in the
immediate vicinity of unity. From Eqs. (19) and (20) it can be seen that
the azimuthal angle varies only negligibly.

Computed polarization resolved conoscopic patterns for the tilted
and planar NLC configuration are shown in Figure 5. From Figure
5(a) it is seen that, at small tilt angles, the symmetry breaking terms
result in the shift of the symmetry center. When the tilt angle angle
increases further, the center of symmetry eventually leaves the region
specified by the aperture leading to the single-chain structure of the
C-points shown in Figure 5(b).

In the case of the planar structure with dz ¼ 0 ðhd ¼ 90 degÞ, simi-
lar to the homeotropic cell, the origin is the symmetry center for the
polarization pattern. By contrast to the homeotropic structure, where
the polarization field is of the elliptic type, the angular pattern of
polarization is of the hyperbolic type for the planar structure [see
Fig. 5(d)].

5. CONCLUSIONS

In this paper we have studied the polarization resolved angular pat-
terns of light transmitted through the NLC cell. These patterns can
be conveniently represented as fields of polarization ellipses and char-
acterize the polarization structure behind the conoscopic images mea-
sured in experiments with two crossed polarizers.

Experimentally, the polarization resolved conoscopic patterns are
investigated using a suitably modified method of the Stokes polarime-
try designed for accurate measurements of the Stokes parameters
[6–8]. For the homeotropically aligned NLC cell we have measured
the Stokes distributions at different values of the incident light
ellipticity and found that the corresponding fields of the polarization
ellipses are in good agreement with the patterns computed using
the exact result for the transmission matrix [10].

The theory was applied to characterize the polarization resolved
angular patterns in terms of the polarization singularities. After com-
puting loci of the C-points and the L-lines, we have deduced a simple
formula for the index of the C-points (22). Interestingly, the polariza-
tion singularities appear to be sensitive to the ellipticity parameter of
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the incident light e. For elliptically polarized incident waves, there is a
chain-like structure of four radial rays with the C-points alternating in
sign of the handedness and of the index.

We have also computed polarization resolved conoscopic patterns
for tilted and planar NLC configurations. The tilt angle was found to
have a considerable effect on the chain-like structure of the C-points.
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